In this paper we unify the system of Cauchy functional equations defining multi-additive mapping to obtain a single equation and prove the generalized Hyers-Ulam stability both of this system and this equation using the so-called direct method.
then for every i ∈ {1, . . . , n} there exists a multi-additive mapping
For every i ∈ {1, . . . , n} the function F i is given by
Proof. Fix x 1 , . . . , x n ∈ V , j ∈ N ∪ {0} and i ∈ {1, . . . , n}. Putting
Dividing both sides of the above inequality by 2 j and replacing x i by 2 j x i we see that
and consequently for any non-negative integers l and m with l < m we obtain
Therefore from (1) it follows that ( Finally, fix also x i ∈ V and note that according to (2) we have
Next, fix k ∈ {1, . . . , n} \ {i}, x k ∈ V and assume that k < i (the same arguments apply to the case where k > i). From (2) it follows that
Letting j −→ ∞ in the above two inequalities and using (1) we see that the mapping F i is multi-additive.
Next, we reduce the system of n Cauchy equations to obtain a single functional equation for f . (x 11 , . . . , x n1 ) = (x 12 , . . . , x n2 ) = (0, . . . , 0) in (6) we get f (0, . . . , 0) = 2 n f (0, . . . , 0), and consequently f (0, . . . , 0) = 0. Next, fix j ∈ {1, . . . , n}, x j1 ∈ V and put x j2 = x ki k = 0, where i k ∈ {1, 2}, for k ∈ {1, . . . , n} \ {j}. Then, by (6) ,
and thus f (0, . . . , 0, x j1 , 0, . . . , 0) = 0. We continue in this fashion obtaining f (x) = 0 for any x ∈ V n with at least one component which is equal to zero.
Finally, fix j ∈ {1, . . . , n}, x 11 , . . . , x n1 , x j2 ∈ V and put x k2 = 0 for k ∈ {1, . . . , n} \ {j} in (6). Then
which proves that f is multi-additive. The rest of the proof is clear.
Finally, we prove the stability of Eq. (6). The below theorem generalizes Gǎvrutǎ's result from [13] (where the case when n = 1 and V is a commutative group was considered).
Theorem 3. Let V be a commutative semigroup with an identity element and W be a Banach space. Assume also that
then there exists a unique multi-additive mapping F :
The function F is given by
Proof. Fix (x 11 , . . . , x n1 ) ∈ V n and j ∈ N ∪ {0}. Putting x i2 := x i1 for i ∈ {1, . . . , n} in (8) we get
Dividing both sides of the above inequality by 2 n(j+1) and replacing x i1 by 2 j x i1 for i ∈ {1, . . . , n} we see that
Therefore from (7) it follows that ( 1 2 nj f (2 j x 11 , . . . , 2 j x n1 )) j∈N is a Cauchy sequence. Since the space W is complete, this sequence is convergent and we define F : V n −→ W by (10) . Putting l = 0, letting m −→ ∞ in (11) and using (7) we see that (9) holds.
Next, fix also (x 12 , . . . , x n2 ) ∈ V n and note that according to (8) Letting j −→ ∞ in the above inequality and using (7) we see that the mapping F satisfies Eq. (6), and Theorem 2 now shows that F is multi-additive.
Finally, assume that F : V n −→ W is another multi-additive mapping satisfying (9) and fix k ∈ N ∪ {0}. Then, using the multi-additivity of F and F , (7) and (9) 
